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Abstract 
In order to study the material dependence of the correlation between stripes and ݀௫మǦ௬మ-wave superconductivity (݀SC) among 
cuprate superconductors, we have performed a variational Monte Carlo simulation on a two-dimensional Hubbard model with 
first-, second- and third-nearest-neighbor hopping terms (ݐ, ݐԢ and ݐԢԢ, respectively) by using the Gutzwiller-Jastrow-type wave 
function taking account of three-body correlations on a triangle, which is efficient for frustrated systems. The condensation 
energies of the vertical stripes and the homogeneous ݀SC were computed as a function of ݐԢȀݐ with a fixed relation ݐԢԢ ൌ െݐԢȀʹ. 
We have found that, at the nearly optimal doping with moderately strong on-site Coulomb interaction, the state of maximum 
condensation energy switches from the vertical stripes to the homogeneous ݀SC as ȁݐᇱȀݐȁ increases.  
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1. Introduction 
Recently, the static incommensurate spin correlation has been observed by the elastic neutron-scattering 
experiment in the overdoped regime of Bi1.75Pb0.35Sr1.90Cu1-yFeyO6+z [1]. This experimental result implies that the 
stripe phase can exist not only in the La-214 system [2] but also in Bi-2201. However, no evidence for stripe 
correlations has been observed in Tl-2201 with a high superconducting critical temperature ( ୡܶ̱ 93K). It is very 
interesting to study whether the stripe order is a common phenomenon in single-layer high- ୡܶ cuprates. 
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There has been much theoretical discussion about the relationship of the stripe state and strong electronic 
correlations [3]. The ground-state energies of the hole-doped two-dimensional (2D) ݐ-ݐԢ-ݐԢԢ-ܷ Hubbard model (ݐ, ݐԢ 
and ݐԢԢ are first-, second-, and third-nearest neighbor hopping energies, respectively, and ܷ is an on-site Coulomb 
energy) were examined by using a variational Monte Carlo (VMC) method in our previous work [4]. Here long-
range hopping terms give a realistic description of the Fermi surface for single-layer cuprates. It was shown that the 
stripe sate becomes weaker as ݐᇱᇱȀݐ increases with a fixed ݐᇱȀݐ. 
Our purpose in this paper is to discuss the competition between stripes and ݀௫మǦ௬మ-wave superconductivity (݀SC) 
at the nearly optimal doping by studying the ݐԢȀݐ-dependence of those condensation energies, where ݐᇱᇱ is fixed at 
െݐԢȀʹ following Ref. [5]. In our calculation, the three-body correlation factor on the triangular sites is introduced 
into the Gutzwiller wave function in order to take account of the frustration effect for large ȁݐԢȀݐȁ. It is found that 
large ȁݐԢȀݐȁ makes stripes unstable and that the highest condensation energy state is taken by the homogeneous ݀SC. 
2. Methods 
We start from the 2D Hubbard model on the square lattice, 
 
࣢ ൌ െσ ݐ௜௝൫ܿ௜ఙற ௝ܿఙ ൅ Ǥ Ǥ ൯௜௝ఙ ൅ ܷσ ݊௜՛݊௜՝௜ ,                                          (1)  
 
where the hopping energy ݐ௜௝ ൌ ݐ,ݐԢ,ݐԢԢ, Ͳ, if sites ݅ and ݆ are first-, second-, third-nearest neighbors, and otherwise, 
respectively. H.c. stands for the Hermitian conjugate. ܿ௜ఙற ሺܿ௜ఙሻ is the creation (annihilation) operator of the electron 
with spin ߪ (↑ or ↓) at site ݅ (݅ ൌ ͳ̱ ୱܰ୧୲ୣ) and ݊௜ఙ ൌ ܿ௜ఙற ܿ௜ఙ. The variational energy ܧ ൌ ۦߖȁ࣢ȁߖۧȀۦߖȁߖۧ is 
evaluated by using VMC method. The variational wave function is written as ߖ ൌ ே࣪౛࣪ߔ, where ߔ is a mean-field 
(MF) wave function. ࣪ is a projection operator for taking into account the many-body correlation effect defined later, 
and ே࣪౛ is a projection operator which extracts only the states with a fixed total electron number ܰ. 
    Regarding ߔ, we employ the wave functions for the Fermi sea (FS), stripes and ݀SC represented by ߔ	,ߔ 
and ߔ, respectively: According to Giamarchi and Lhuillier [6],ߔ is obtained from the MF Hamiltonian for an 
incommensurate charge-density-wave with ߩ௜ ൌ ߩሺʹࢗ ή r௜ሻ  and an incommensurate spin-density-wave with 
݉௜ ൌ ݉ሺࢗ ή r௜ሻ , where ߩ  and ݉  are variational parameters in ߔ . The vertical stripe state is defined with 
ࢗ ൌ ሺʹߨߜǡ Ͳሻ in which magnetic domains run along the ݕ-direction, and ߜ is an incommensurability given by the 
stripe’s periodicity in the ݔ-direction with regard to the spin. While, the MF Hamiltonian for ߔ is written as 
 
࣢	 ൌ σ ൫ܿ௜՛ற ܿ௜՝൯௜௝ ൬
െݐ݆݅ െ ߤߜ݅ǡ݆ ܨ݆݅
ܨ݆݅כ ݐ݆݅ ൅ ߤߜ݅ǡ݆൰ ቆ
௝ܿ՛
௝ܿ՝
ற ቇ ,                                                     (2) 
 
where ܨ௜௝ ൌ σ ȟ௜௝ߜೕǡ೔ାොୣොୣ , and ො ൌ േݔො, േݕො (ݔො and ݕො denote unit vectors along ݔ- and ݕ-direction, respectively).  ߜǡ is 
Kronecker delta. The ݀SC is given by ߂௜ǡ௜ା௫ො ൌ ߂ and ߂௜ǡ௜ା௬ො ൌ െ߂ǤHere ߂ and ߤ are variational parameters in ߔ. In 
order to obtain ߔ, it is necessary to solve the Bogoliubov-de Gennes equation [7]. 
As for many-body operators ࣪, we consider three projection operators, 
࣪, ࣪ and ࣪: The Gutzwiller projection 
operator 
࣪ is represented by 
࣪ ൌ ς ሾͳ െ ሺͳ െ ݃ሻ݊௜՛݊௜՝ሿ௜ , where ݃ is a variational parameter in the range from 0 to 
unity, which controls the on-site electronic correlation. The doubon-holon correlation projection operator ࣪ is given 
by ࣪ ൌ ς ሾͳ െ ሺͳ െ ߟሻς ݀௜ሺͳ െ ݁௜ାఛሻఛ ሿ௜ , where Ͳ ൑ ߟ ൑ ͳ, ݀௜ ൌ ݊௜՛݊௜՝, ݁௜ ൌ ሺͳ െ ݊௜՛ሻሺͳ െ ݊௜՝ሻ, and ߬runs over all first-
neighbor sites. ߟ acts so that double-occupied sites are not surrounded by first-neighbor occupied sites. This operator 
is particularly important to describe a Mott transition in the 2D Hubbard model on a half-filled square lattice [8]. 
The Jastrow projection operator ࣪ which takes account of the long-range electronic correlation effect is generalized 
as ࣪ ൌ ൣσ ݄௜௝݊௜ ௝݊௜௝ ൅ σ ݄௜௝௞݊௜ ௝݊݊௞௜௝௞ ൅ڮ ൧where ݊௜ ൌ ݊௜՛ ൅ ݊௜՝  is the density operator [9]. The first- and the 
second-term in the exponent contribute to two- and three-body electronic correlations, respectively. Here, the 
operators of more than three-body correlations and one with respect to the longer-neighbor correlations are 
neglected for simplicity. Then, we only consider three Jastrow-type operators as follows. 
 
࣪ ൌ ς ߤ௡೔൫௡೔షෝೣା௡೔ష೤ෝ൯݅ ,                                                                           (3) 
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࣪ ൌ ς ߥ௡೔ሺ௡೔షෝೣା௡೔శෝೣሻ൫௡೔ష೤ෝା௡೔శ೤ෝ൯௜ ,                                                        (4) 
࣪ ൌ ς ߦ௡೔ሺ௡೔షෝೣ௡೔శෝೣା௡೔ష೤ෝ௡೔శ೤ෝሻ௜ ,                                                              (5) 
 
where ߤ, ߥ and ߦ are variational parameters that determine the weight of each electronic configuration (Fig. 1). 
 
 
 
 
 
 
 
 
Fig. 1. Weights of Jastrow-type electronic correlation factors ߤ, ߥ and ߦ for (a) nearest-two-site, (b) three-site-triangle, and (c) 
three-site-line, respectively. Filled circles indicate sites. 
 
    The system used is of ܰ ൌ ͳ͸ ൈ ͳ͸̱ͳͺ ൈ ͳͺ lattices. The periodic boundary condition is used in the ݔ-direction, 
and anti-periodic one in the ݕ-direction. The hole-doping rate ݌ is nearly optimal with ̱ͳȀ͸ and ܷ is fixed at ͺݐ. The 
variational energy is obtained as the average of the results of several Monte Carlo calculations run simultaneously 
each with ͵ǤͲ ൈ ͳͲ଺ steps. In the following, we consider ݐ as the unit of energy. 
3.  Results 
First, we discuss the effect of Jastrow-type correlation factors represented by Eqs. (3)-(5).  Figure 2 shows the 
energy difference per site between ߖ
	ሺൌ 
࣪ߔ	ሻ and ߖ
	ሺൌ ࣪ 
࣪ߔ	ሻ, οܧ୎	 ൌ ሺܧ൫ߖ
	൯ െ ܧሺߖ
	ሻሻȀ ୱܰ୧୲ୣ, as a function 
of ݌. Here ࣪ is given by one of ࣪, ࣪ and ࣪. For a comparison, the results for ߖ
	ሺൌ ࣪ 
࣪ߔ	ሻ are also 
shown in Fig. 2. For small ȁݐᇱȁ (Fig. 2(a)), the energy gain οܧ
	 by ߖ
	 increases with decreasing ݌. However, the 
increases of ȁݐᇱȁ makes οܧ
	  decreases in the underdoped region as shown in Figs. 2(b) and 2(c). The οܧ
	  by 
ߖ
	ሺൌ ࣪ 
࣪ߔ	ሻ is larger than οܧ
	 above ͳ͸Ψ doping in Fig. 2(a), which increases slightly as ȁݐᇱȁ increases. On 
the other hands, we found that οܧ
	 by ߖ
	ሺൌ ࣪ 
࣪ߔ	ሻ is improved in the whole doping region for large ȁݐᇱȁ as 
shown in Figs. 2(b) and 2(c), which means that ࣪ plays an important role in generating correlations on the 
frustrated system, and is more effective for the triangular lattice. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Doping dependence of the energy difference per site between ߖୋ୊ୗand ߖ୎ୋ୊ୗ for (a) ሺݐᇱǡ ݐԢԢሻ ൌ ሺെͲǤͳͲǡ ͲǤͲሻ, (b)ሺݐᇱǡ ݐԢԢሻ ൌ
ሺെͲǤ͵Ͳǡ ͲǤͲሻǡ and (c) ሺݐᇱǡ ݐԢԢሻ ൌ ሺെͲǤʹͲǡ ͲǤͳͲሻ. Here, ߖ୎ୋ	 denotes ߖ୮ୋ	  (open squares), ߖ୲ୋ	 (filled circles), or ߖ୪ୋ	 (open circles). As 
a reference, the results using ߖ
	 are also plotted as stars. The statistical error-bars are smaller than the size of symbols. 
 
      Next, by using ߖ
, we show theݐᇱ-dependence of the condensation energy οܧfor stripes and ݀SC at ̱ͳȀ͸ 
doping in Fig. 3, where the relation of ݐԢԢ ൌ െݐԢȀʹ is used. The condensation energy for ݀SC is defined as οܧ ൌ
ሺܧሺߖ	ሻ െ ܧሺߖሻሻȀ ୱܰ୧୲ୣ. The οܧ  for the stripe state is obtained similarly. The οܧ  forߖ
  is about two 
times as large as that for ߖ
 without depending on the value of ݐᇱ. It seems that pairing correlations with ݀௫మǦ௬మ-
symmetry are incorporated effectively since the operation factors of Eq. (4) are twice than those of Eq. (3). Figure 3 
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shows that the vertical stripe with a spin-period of 8-lattice sites (period-8) yields the largest energy gain for small 
ȁݐᇱȁሺȁݐᇱȁ ൏ ͲǤ͵ͳሻ and the one with spin-period of 6-lattice (period-6) sites is the most stable for ȁݐᇱȁ̱ͲǤ͵ͳ. It can be 
deduced that the coexistent state of stripes and ݀SC is more stable in those regions [3]. In contrast, the homogeneous 
݀SC is stabilized rather than the vertical stripes for large ȁݐᇱȁ(ȁݐᇱȁ ൐ ͲǤ͵ͳሻ. These results are consistent with neutron 
scattering experiments: The incommensurability ߜobserved from La-214 whose the band parameters were estimated 
at small ȁݐᇱȁ is approximately proportional to ݌ in the underdoped region (݌ ൏ ͳȀͺ) and saturates for overdoped 
region [2], while the ߜ for Bi-2201 fitted by medium ȁݐᇱȁ keeps a relationship ݌ ൌ ߜ to overdoped regime [1]. While, 
around the optimal doping, no evidence for stripe correlations has been observed in Tl-2201 fitted by large ȁݐᇱȁ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Condensation energy per site οܧୡ୭୬ୢ for vertical stripes and ݀SC as a function of ݐᇱሺൌ െʹݐᇱᇱሻ at ݌~ 1/6 with ܷ ൌ ͺ. Filled 
circles, open squares, and filled squares indicate οܧୡ୭୬ୢ for the period-8 stripe state, the period-6 one, and ݀SC, respectively. 
4. Conclusion 
We have studied the effect of ݐᇱ and ݐᇱᇱ for the ground state in the 2D Hubbard model by using VMC method. The 
condensation energies for stripes and ݀SC were computed by introducing three-body triangle correlations ࣪ 
which is highly effective for large values of ȁݐᇱȁ. We found that, at the nearly optimal doping with moderately strong 
on-site Coulomb interaction, the homogeneous ݀SC is stabilized rather than vertical stripes for large ȁݐᇱȁሺൌ ʹݐᇱᇱሻ.  
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